Necessary and sufficient conditions for local creation of quantum discord 
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We show that a local channel cannot create quantum discord (QD) for zero QD states of size d > 3 
if and only if either it is a completely decohering channel or it is a nontrivial isotropic channel. For 
the qubit case this propertiy is additionally characteristic to the completely decohering channel or the 
commutativity-preserving unital channel. In particular, the exact forms of the completely decohering 
channel and the commutativity-preserving unital qubit channel are proposed. Consequently, our 
results confirm and improve the conjecture proposed by X. Hu et al. for the case of d > 3 and 
improve the result proposed by A. Streltsov et al. for the qubit case. Furthermore, it is shown 
that a local channel nullifies QD in any state if and only if it is a completely decohering channel. 
Based on our results, some protocols of quantum information processing issues associated with QD, 
especially for the qubit case, would be experimentally accessible. 

PACS numbers: 03.65. Ud, 03.65.Db, 03.65.Yz. 
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I. INTRODUCTION 

The characterization of quantum correlated composite 
quantum systems is an important topic in quantum infor- 
mation theory [H-Q- Different approaches for character- 
izing the quantum correlations were studied in the past 
two decades [2|-[23| . Recently, much interest has been de- 
voted to the study of quantum correlations that may arise 
without entanglement, such as quantum discord (QD) ^3], 
measurement-induced nonlocality (MIN) ^] and quantum 
deficit [13], etc. These quantum correlations can still be 
a resource for a number of quantum information applica- 
tions j6i. iTI. [25l - [27| . So, this makes it important to under- 
stand the dynamics of these quantum correlations under 
local noises (or operations) better. 



In the qubit case, Streltsov et al. showed in Ref. [28 1 
that qubit channel that preserves commutativity is ei- 
ther unital, i.e., mapping maximal mixed state to maxi- 
mal mixed state, or a completely decohering channel, i.e., 
nullifying QD in any state. In Ref. [29], for to (g) 3 system, 
it is showed that a channel A acting on the second subsys- 
tem cannot create QD for zero QD states if and only if A 
is either a completely decohering channel or an isotropic 
channel. And it is conjectured that this result is also valid 
for any m®n system with n > 3. In Refs. [l^,!!^], the au- 
thors proved that, for any m®n system with mn < +oo, 
a channel A (acting on the second subsystem) transforms 
the zero QD states to zero QD states if and only if A pre- 
serves commutativity. The goal of this paper is to pro- 
pose an explicit form of commutativity-preserving chan- 
nel, from which we will i) give a positive answer to the 
above conjecture raised in Ref. ^29], ii) propose an exact 
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form of commutativity-preserving unital channel for the 
qubit system, and iii) present an explicit form of 'com- 
pletely decohering channel' for any system. 

Beside fundamental interest, our results may result in 
useful applications. The concrete form of commutativity- 
preserving unital qubit channel may lead to a number of 
experimental tasks based on QD since the qubit state is a 
direct resource in various quantum information process- 
ing. From our results, we know exactly whether a local 
channel can create or nullify quantum correlation mea- 
sured by QD. We will show that we have more choices 
of local channels for qubit case in the issue of preserving 
zero QD in the state: there exist non-isotropic channels 
which also cannot create QD for qubit case while only the 
isotropic channels cannot create QD for higher dimen- 
sional case. In addition, for both qubit and the higher 
dimension cases, we provide several equivalent methods 
of determining whether a given local channel can create 
QD. 

The paper is organized as follows. In Sec. II we review 
the definitions of quantum channel and QD, and fix some 
terminology. In Sec. Ill we discuss the local channels that 
cannot create QD for zero QD states, and then in Sec. IV, 
we deal with the the local channels that nullifies QD in 
any states. A summarization and some related questions 
are listed at the end. 



II. DEFINITIONS AND TERMINOLOGIES 

Let H he a. complex Hilbert space describing a quan- 
tum system, dimiJ = n < +oo. Let B{H) be the 
space of all linear operators on H, and S{H) the set 
consisting of all quantum states acting on H. Recall 
that, a quantum channel (or channel, briefly) is de- 
scribed by a trace-preserving completely positive linear 
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map A : B{H) — >■ B{H) that admits a form of Kraus 
operator representation, i.e., 

Ai-) = J2M-)xj (1) 

i 

where Xj's are operators acting on H with ^ xjXi — I. 

i 

In particular, a channel A acting on an rt— dimensonal 
quantum system is called an isotropic channel if it has 
the form 

A(.)=tr(.) + (l-t)Tr(.)-, (2) 

n 

where T is either a unitary operation or unitarily equiv- 
alent to transpose (also see in Ref. [1^). Parameter t is 
chosen to make sure that A is a trace-preserving com- 
pletely positive linear map. If t in Eq.([2]) is nonzero, 
we call A a nontrivial isotropic channel. It is known by 
[29| . -j^^Y < t < \ when F is a unitary operation, and 

;^ZX < i < ;jq:Y when T is unitarily equivalent to trans- 
pose. If t = 0, A is the completely depolarizing chan- 
nel, namely, A{S{H)) = {-^I}- A channel A is called a 
completely decohering channel (or semi-classical channel) 
if A{B{H)) is commutative. In general, the completely 
depolarizing channel is viewed as a special case of com- 
pletely decohering one. 

Quantum discord, as a quantum correlation of bipar- 
tite system, is initially introduced by Ollivier and Zurek 
Q and by Henderson and Vedral [1] . We denote by A+B 
the bipartite system shared by Alice and Bob. Let Ha 
and Hb be the complex Hilbert spaces that describing the 
subsystem of Alice and Bob, respectively. Then Ha®Hb 
corresponds to the composite system A-l-B. Recall that, 
for a state p g S{Ha ® Hb), the quantum discord of p 
(up to part B) is defined by 

DB{p):=rmn{I{p)-I{p\n')}, (3) 

where, the minimum is taken over all local von Neumann 
measurements II'', I{p) := S{pa) + S{pb) ~ S{p) is in- 
terpreted as the quantum mutual information, S{p) := 
— Tr(/ologp) is the von Neumann entropy, /(pin*")} 
SipA) - SiplU"), SiplU") := EkPkSipk), and pk = 

j^{iA<»iil)p{iAm'i) withpfc = Tr[(/A®n^)p(/A®n*fe)], 

k ~ 1,2, . . . , dim Hb- 

Let : B{H) -J> B{H) be a map. Throughout this 
paper, we say that (i) (j) preserves normality if (p maps 
normal operators to normal operators, namely, A e B{H) 
is normal implies that 4>{A) is normal (here, an operator 
A G B{H) is called a normal operator if AA^ = A^^); 
(ii) (j) preserves normality in both directions if ^ G B{H) 
is normal if and only if 4'{A) is normal; (iii) (p preserves 
commutativity (or is a commutativity-preserving map) 
if [A,B] = AB - BA = implies [(j){A) , (j){B)] = 
for A, B ^ B{H); (iv) preserves commutativity in 
both directions if [A,B] = <^ [0(A), 0(B)] = for A, 
B G B{H); (v) (f) preserves commutativity for hermitian 
operators (resp. quantum states) if [A, B] = Q implies 



\4){A), 0(-B)] = for hermitian operators (resp. quantum 
states) A and B in B{H) (resp. S{H)); (vi) preserves 
commutativity in both directions for hermitian operators 
(resp. quantum states) if [A,B] = <J4> [(/)(A), 0(5)] = 
holds for hermitian operators (resp. quantum states) 
A and B in B{H) (resp. S{H)). We say that a lo- 
cal channel cannot create QD for zero QD states if 
Db{p) = Db{{Ia A)p) = 0, where Ia denotes 
the identity map acting on part A. For A e B{H), A^ 
denotes the transpose of A relative to an arbitrarily fixed 
basis. 



III. LOCAL CHANNELS THAT CANNOT 
CREATE QD FOR ZERO QD STATES 

This section is devoted to discussing the local chan- 
nels that cannot create QD for zero QD states. We first 
consider the qudit case with d>2> and then discuss the 
qubit case. 

A. The qudit case (d > 3) 

The following is the main result of this subsection. 

Theorem 1. Let Ha and Hb be complex Hilbert 
spaces with dim. Ha = m > 2 and dimiJ^ = n > 5, 
and let A be a channel acting on subsystem B. Then the 
following statements are equivalent. 

(1) DBip) = ^ DbHIa » A)p) = 0. 

(2) A preserves commutativity for hermitian operators. 
(2') A preserves commutativity. 

(2") A preserves normality. 

(2"') A preserves commutativity for quantum states. 

(3) Either (a) A is a completely decohering channel or 
(b) A is a nontrivial isotropic channel. 

It is easily checked that the maps of the form (a) in 
item (3) are channels. The equivalence of (1) and (3) 
implies that a local channel cannot create QD for zero 
QD states if and only if cither it is a completely deco- 
hering channel, or it is an isotropic channel. Therefore, 
our Theorem 1 particularly solves affirmatively the con- 
jecture proposed in Ref. |29| . 

Proof of Theorem 1. (3)^(2) and (2)^(2"') are ob- 
vious. (2"')=>(2) holds since two hermitian matrices A, 
B are commutative if and only if [A"*", i?"*"] = [A"*", B~\ = 
[B+,A+] = [B+ ,A~] = 0, where A+ and A~ are the pos- 
itive part and the negative part of A respectively, B^ and 
B^ are the positive part and the negative part of B re- 
spectively (Note that in such a decomposition, A'^'~ > 0, 
B+'- > and [A+,A-] = [B+,B-] = 0). 

By sT, Corollary 1] we know that if (j) • B{Hb) — >■ 
B{Hb) is a hermitian-preserving linear map (namely, 
0(At) — (j){A)'^ for every A), then preserves commu- 
tativity if and only if it preserves normality, and in turn, 
if and only if it preserves commutativity for hermitian 
operators. Hence, (2)<S4>(2')<S4>(2") is immediate since the 
channels are hermitian-preserving. 
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(2)^(3). Denote by T-Ln the real linear space of all nxn 
hermitian complex matrices. Let A as in Eq. ([1}. Then 
A is a commutativity- preserving map onT-Ln- Let M.n be 
the algebra of all n by n matrices. By [Sr, Theorem 3], 
if is a hermitian-preserving (i.e., (t>{A^) = (f){A)'^) linear 
map on which also preserves commutativity for her- 
mitian matrices, then either 0(A^„) is commutative, or 
there exist a unitary matrix U , a linear functional / on 
M-m and a real number t such that (j) has one of the fol- 
lowing forms: (i) (l){A) = tUAW + f{A)I for aU A in Mn, 
(ii) (l){A) = tUA^W + f{A)I for all A in 7W„. Note that 
A is a hermitian-preserving linear map. Therefore, either 
K{B{Hb)) is commutative, or there exists a unitary op- 
erator U G B{Hb) and a real number t such that A has 
one of the following forms: (i) A(^) = tUAW + f{A)lB 
for all A in B{Hb). (ii) A{A) = tUA^U'' + f{A)lB for 
all A in B{Hb)- Note that B{Hb) can be regarded as a 
Hilbcrt space with the Hilbert-Schmidt inner product 

{X\Y) := Tr(A:^y). 

It turns out that there exists an operator W € B[Hb) 
such that f{A) = Tv{WA) holds for all A e B{Hb). 
Considering the action of A on S{Hb) one gets that 
t + nf{p) = 1 for all p £ S{Hb)- It follows that 
Ty{Wp) = ^ for all p in S{Hb). Consequently, 
Tt{WA) = ^Tr{A) holds for aU A e S(iJs), which 
implies that 

W=^—^Ib. 

n 

From Ref. t satisfies < t < 1 when A{A) = 

tUAW + ^Tr{A)lB and < t < when A{A) ^ 
tUA^W + — Tr(^)/B, which guarantees that A IS com- 
pletely positive. That is, A is an isotropic channel. If 
i ^ 0, it is the nontrivial isotropic channel, i.e., the case 
of item (b); If i = 0, it is obvious that A is a complete 
depolarizing channel, i.e., a special case of item (a). 

If K{B{Hb)) is commutative, then A is a completely 
decohering channel. That is, (a) of item (3) holds. 

(1)^(2). Let {|z)} be an orthonormal basis of Ha- 
Then any state p acting on Ha ® Hb can be represented 
by 

p = (4) 

where Eij = and Bij^s are are operators acting on 

Hb, and 

{I A ®K)p^Yl ^iJ ® KB,j). 

We proved in Ref. [l^l that Db{p) — if and only if 
Bjj 's are mutually commuting normal operators. It fol- 
lows from Db{p) = ^ Db{{Ia <8) A)p) = that A 
preserves normality, and thus, preserves commutativity 
for hermitian operators according to (sTI . Corollary 1] . In 
fact, for any normal operator A € B{Hb), there exist 



positive operators C,D G B{Hb) such that A, C D are 
mutually commutating and 

PO = Tr{C+D) (-^11 (^C + Ei2(E)A 

+E21 0/1^ + E22 «> D) 

is a state. Moreover, by the result in Ref. [s^l mentioned 
above, we have Db{po) — 0. Thus Db{{Ia ® A)po) = 0, 
which implies that A(yl), A(C), A(D), A(At) = A(A)t are 
mutually commuting normal operators. In particular, 
A{A) is normal. 

(2)=J>(1). Since A is a hermitian-preserving linear map, 
(1) implies that A preserves normality and commutativ- 
ity. Therefore, if -B.^ 's are mutually commuting normal 
operators, then A(i3ij)'s also are mutually commuting 
normal operators. Now, by Ref. [32], it is obvious that 
Db{p) = ^ Db{{Ia ® A)p) = 0. ■ 

Furthermore, we have 

Proposition 1. Let Ha and Hb be complex Hilbert 
spaces with dim. Ha = m > 2 and dhnHs = n > 
and let A be a channel acting on subsystem B. Then the 
following statements are equivalent. 

(1) Db{p) = ^ Db{{Ia ^ A)p) = 0. 

(2) A preserves commutativity in both directions for 
hermitian operators. 

(2') A preserves commutativity in both directions. 
(2") A preserves normality in both directions. 
(2"') A preserves commutativity in both direction for 
quantum states. 

(3) A is a nontrivial isotropic channel. 

Proof. (2)^(2'), (2)^(2"'), (3)=^(1), (3)=^(2) and 
(3)^(2') are obvious. 

(2)<^(2") is easily checked by the fact that A is normal 
if and only if it can be written a,s A = X + iY with X 
and Y hermitian and [X, Y] = 0. 

(1) ^(3). According to (1)<:=>(3) of Theorem 1, A ad- 
mits the form of item (3) in Theorem 1. It is clear that 
the case (a) of item (3) cannot occur since the completely 
decohering channel nullifies QD in any state [lO]. So, A 
is a nontrivial isotropic channel. 

(2) ^(3). According to the proof of (2)=^(3) in Theo- 
rem 1, we know that A admits the form as in item (3) of 
Theorem 1. It is immediate that the case of 'K{B{Hb)) 
is commutative' cannot occur. ■ 



B. The qubit case 

We now turn to the discussion of the qubit case, 
that is, dimiJs = 2. We will show that the form of 
commutativity-preserving unital channel for qubit sys- 
tem is different from the higher dimensional case. Thus, 
the local channel of qubit system that preserve zero QD 
states has different forms from that of higher dimensional 
systems. 

Compared with Theorem 1, the main result of this sub- 
section is the following. 

Theorem 2. Let Ha and Hb be complex Hilbert 
spaces with diva Ha — m > 2 and dim Hb = 2, and let A 
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be a channel acting on subsystem B. Then the following 
statements are equivalent. 

(1) Db{p) = ^ Db{{Ia ® A)p) = 0. 

(2) A preserves commutativity for hermitian operators. 
(2') A preserves commutativity. 

(2") A preserves normality. 

(2"') A preserves commutativity for quantum states. 

(3) Either (a) A is a completely decohering chan- 

I 



nel; or (b) for any orthonormal basis {|ei), |e2)} of Hb, 
there exist a unitary operator U € B{Hb), real num- 
bers < A < 1, and complex numbers a,f3,j so that 

7 —a 

space decomposition Hb = C|ei) © C|e2), 



is contractive, such that, with respect to the 



A 



an ai2 

021 022 



u 



Aaii + (1 - A)a22 

(1 - A)aii + Aa22 



ai2X + a2iX'' 



(5) 



for all A = 



On ai2 

121 0,22 



, where 



A/? 



/ v/A(l-A)a 

V (1-A)7 -v/A(l-A)a 

with |/3| + I7I ^ 0, /3 7^ when A = 1 and 7 7^ when 
A = 0. 

Theorem 2 depicts the commutativity-preserving uni- 
tal qubit channel in detail, which improves the Theorem 
1 in [28j proposed by Streltsov et al. 

Proof of Theorem 2. We only need to check the im- 
plication (2)=>(3). By Theorem 5 (see in Appendix), and 
noting that A is completely positive and trace-preserving, 
we can know that A is a completely decohering channel 
if the range of A is commutative. 

Assume that the range of A is not commutative. Take 
an orthonormal basis {|ei), |e2)} of Hb and denote Eij = 
|ei)(ej|, i,j = 1,2. Then Theorem 5 ensures that there 
exist a unitary operator U on Hb and nonnegative real 
numbers Ai, A2, ^i, fJ-2 with Xi + fJ-i = X2 + M2 such that, 

I 



I 

with respect to the space decomposition Hb = C|ei) 
C|e2), 



A(Si 



U 



Al 
A2 



u\ME22)^u[^^^ ;jc/t. 



As Tr(0(Sii)) = TT{(j){E22)) = 1, we must have Ai = 
/i2 = 1 — A2 = 1 — /ii > and Al + /ii = 1. Let Ai = A. 
Then < A < 1 and 



HE22) = U 



1 - A 
A 



c/t. 



(6) 
(7) 



Note that Tr(A(i?i2)) 0. So, there are complex 

numbers x, y, z such that A(i?i2) = ^ ) 

A{E2i)=A{Ei2y. 

It is well-known by a theorem of Choi [s^ that the map 
A is completely positive if and only if the block matrix 
[A{Eij)] is positive. It follows from Eqs. ^ and ([7]) that 




A(£;ii) A(£;i2) 
A{E2i) A{E22) 
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V ' 





1 - A 
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— X 
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1 - A 
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— X 





A , 
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y 


)- 









1 - A 


z 


— X 
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1 - A 











\y 


~x 





A 



and only if J > 0, and in turn, from Theorem 
I 



[/t 
f/t 



Then A is completely matrix S 



1.1 in Rcf . 34] , if and only if there exists a contractive 

a fi 
7 ri 



such that 



%/A 

\/l~A 



a 13 
7 77 



\/A 



_ / v/A(l - A)a A/3 

" (1 - A)7 n/A(1-A)7? 



r 



It follows that 77 = 



—a and 



If |/3| -f I7I = 0, or ;3 = when A = 1, or 7 = 
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when A = 0, then the channel reduces to a completely 
decohering one. Now it is clear that A has the form of 
Eq. ([5]). This completes the proof. ■ 

It is worth highlighting that (i) a channel with the form 
as in Eq. ([5]) does not preserves commutativity in both 
directions necessarily, which is different from the higher 
dimensional case; (ii) the isotropic qubit channel is only 
a special case of (b) in item (3) of Theorem 2. The map 
A has the form A{A) = tUAW + ^Tt{A)I for all A if 
and only if < = 2A — 1, /3 = and a = 7 = 0; A has 

the form A{A) = tUA^W + ^Tt{A)I for all A if and 
only if t = 2A - 1, 7 = and a = /3 = 0. So there 

are many commutativity-preserving unital channels for 
qubit system that are neither isotropic nor completely 
decohering. This is quite different from the case of n > 3 
as stated in Theorem 1. 

Going further, we have 

Proposition 2. Let Ha and Hb be complex Hilbert 
spaces with dim Ha = m and dim Hb = 2, and let A 
be a channel acting on subsystem B. Then the following 
statements are equivalent. 

(1) DBip) = ^ Db{{Ia ® A)p) = 0. 

(2) A preserves commutativity in both directions for 
hermitian operators. 

(2') A preserves commutativity in both directions. 
(2") A preserves normality in both directions. 
(2"') A preserves commutativity in both directions for 
quantum states. 

(3) A has the form as Eq. ([5]) with X satisfying A ^ ^, 
|/3| + I7I ^ 0; 7 ^ when A = 0; /3 ^ when A = 1; 
A|/3| ^ (1 - A)|7| when a = 0, ^ and A(l - A) ^ 0; 
and A|/3| 7^ (1 - A)|7| or X/Sa ^{1- X)ja when af3j ^ 
and A(l - A) 7^ 0. 

Proof. We only need to check that (2)<^(3). 

(2) ^(3). As A preserves commutativity in both direc- 
tions, A has the form as Eq. ([S|) and is injective. The 
injectivity reveals that X satisfies the conditions as in 
term (3) above. That is, (3) holds. 

(3) ^(2). By Theorem 2, (3) implies that A preserves 
commutativity. Moreover, the conditions ensure that A 
is injective. For any A G B{Hb), denote by {A}' the 
commutant of A, that is, {A}' = {B e B{Hb) : AB = 
BA}. Then dim{A(A)}' = dim{v4}'. This entails that 
[K{A),k{B)\ = [A,B] = 0. So, A preserves commu- 
tativity in both directions. ■ 

Proposition 1 and Proposition 2 imply that a local 
channel neither creates nor vanishes the quantum cor- 
relation measured by quantum discord if and only if it 
preserves commutativity in both directions, and in turn, 
if and only if it is one-to-one and it outputs commutative 
states whenever the input states are commutative. 

At the end of this section, we give a geometric pic- 
ture of commutative qubit states and commutativity- 
preserving qubit channels. It is well-known that the 
Block ball, whose boundary is the Block spkere, corre- 
sponds to the space of all two-level density matrices. The 
surface represents all pure states while the interior of the 
Bloch sphere, the open Bloch ball, represents the mixed 




FIG. 1. pi and p2 are commutative. 




FIG. 2. pi and p2 are not commutative. 

states. In particular, the center of the sphere corresponds 
to the maximally mixed state. Indeed an arbitrary den- 
sity matrix can be parameterized as 

/ i + z x-iy\ 
\x + iy ) 

with + "y^ + < ^. It is customary to regard this an 
expansion in terms of the Pauli matrices a = {a^, ay,az), 
so that 

p=^I + r.a. (8) 

The vector f is known as the Block vector. 
Let 




FIG. 3. Ai and A2 are commutativity-preserving unital chan- 
nels, they transforms commutative states to commutative 
ones. 
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FIG. 4. A3 and A4 are completely decohering channels, the 
red lines are the image of all qubit states under these channels. 




FIG. 5. A5 denotes the completely depolarizing channel which 
is a special case of completely decohering channel, it outputs 
the maximal mixed state for any input state. 



It is straightforward that [pi,P2] = if and only if 
x\Z2 = X2Z\, y\Z2 = 2/22:1 and X\y2 = X2yi- Equiva- 
lently, [pi,P2] = if and only if r-y = tr^ for some real 
number where denotes the Bloch vector of p/j, fc = 1, 
2. 

Observation 1. Two qubit quantum states are com- 
mutative if and only if they are collinear with the center 
of the sphere in the Bloch ball (see fig. 1 and fig. 2). 

Observation 2. A qubit channel preserves commuta- 
tivity in both directions if and only if it is a one-to-one 
transformation and it maps line that collinear with the 
center of the ball to line that collinear with the center 
of the ball (see fig. 3). A completely decohering qubit 
channel maps the Bloch ball to a line that collinear with 
the center of the ball (see fig. 4 and fig. 5). 

Let p be a qubit state with rp = {x,y,z). Then a 
unitary evolution of p, i.e., UpW for some unitary ma- 
trix, corresponds to a rotation of the Bloch vector rp 
around the center of the ball. Write p' ^ U pW with 
fp' = {x,y,z), then x^+y^+z"^ = x^+y^+z^. Conversely, 
if pi and p2 are two qubit state with rp^ — (xi, zi), 
rp2 = ix2, 2/2, 2:2) and xj + yf + zj ^ xl + y2 + zf, then 
pi = U p2U'^ for some unitary matrix U. For simplicity, 
for a given state p, we denote by Ilf/rp the rotation of 
the Bloch vector fp, which is corresponding to the uni- 
tary evolution of the state p, UpW . 



Observation 3. Let A be a qubit channel as in Eq. ([5]) , 
and let a = a + ib, P — c + id and 7 = e -|- if, where a, 
b, c, d, e and / are real numbers, i is the imaginary unit. 
Then 

=Uu{x',y',z'), yfp = {x,y,z), 

where a = A{p), x' — X{xc — yd) + (1 — X){xe — yf), 
y' = X{cy + dx) - (1 - \){ey + fx) and z' = (2A - l)z + 
2yJ\{l-X){xa-yb). 

IV. LOCAL CHANNELS THAT NULLIFY QD 

In the following let us turn to the question when a local 
channel nullifies QD in any states. 

Let A be a channel acting on subsystem B. It is obvious 
that \i K{B{Hb)) is commutative, then Db{{Ia® A)p) = 
for any state p E S{Ha^Hb), namely, A nullifies QD in 
any states. Conversely, if A nullifies QD in any states, one 
can check that K{B{Hb)) is commutative. In fact, writ- 
ing p = Y.i,j E^J ® Bij as in Eq. (g]), Db{{Ia «) A)p) = 
yields that A(i?.y )'s are mutually commuting normal op- 
erators. For any A e B{Hb), there exist positive opera- 
tors Pi, P2, -P3, -P4 such that A = Pi- P2 + iiPs - Pi). 
Then for any B S B[Hb), 

gO= Tr{pl+P2} (-^11 ®Pl+Ei2®B 

+E21® B^ + E22® P2) 

and 

^0== Tr(P3 + P4) (-^11 ®P3+Ei2(g)B 
+ E21® B'^ + E22® Pi) 

are states in S{Ha ® Hb)- It follows from Db((Ia ^ 
A)go) = and Db{{Ia ® A)cro) = that A(^) and 
A(_B) are commuting normal operators, which implies 
that K{B{Hb)) is commutative. Thus, the following re- 
sult is true. 

Theorem 3. Let Ha and Hb be complex Hilbert 
spaces with dmiHA — m > 2 and diniiJ^ — n > 2, 
and let A be a channel acting on subsystem B. Then 
Db{{Ia ® A)p) = for any state p g S{Ha ® Hb) if and 
only if A is a completely decohering channel. 

Finally, let us discuss the form of completely decoher- 
ing channel. 

Theorem 4- Let A be a channel acting on the system 
associated with a n— dimensional complex Hilbert space 
H , n > 2. Then A is a completely decohering channel if 
and only if there exist an n— outcome POVM for system 
B, i.e., {W^Jf^i C B{H) with J2^ W,=I,W,>0,i = 1, 
2, . . . , and an orthonormal basis, {le^)}, of i7, such that 

71 

A(A) ==^Tr(Ty,^)|e,)(e,| for aU A. (9) 

i 

Proof. The 'if part' is clear. We show the 'only if 
part. By definition, A is completely decohering implies 
that A{B{H)) is commutative. Then A{A) is normal for 
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any A G B{H) since \K{A),K{A^ = [A(A),A(A)t] = 0. 
Hence all elements in K{B{H)) are normal and mutually 
commutative. It follows that there exist positive linear 
functionals fi of B{H), i = 1, 2, . . . , n and an orthonor- 
mal basis {le^)} of H such that 

A{A)=Y,MA)\e.){e.\. 

i 

Therefore there exist positive operators Wi G B{H), i — 

1, 2, . . . , n, so that f,{A) = Tr{WiA) holds for any A G 
B{H). Since A is a trace-preserving map we have Tr(yl) — 

2, Tr(Tyi^) = Tr((^^Ty,)A) holds for any A G B{H), 
which leads to Wt — Ib- That is A has the form as 
desired. ■ 



Theorem 5. Let (/):A^2— >A^2bea hermitian- 
preserving linear map. Then (j) preserves commutativity 
if and only if (a) either there exist two hermitian matri- 
ces Wi and W2, and an orthonormal basis {|ei),e2)} of 
C^, such that 

<t){A) = Tr(iyiA)|ei)(ei| + Tr(Ty2^)|e2)(e2|, 

or (b) there exist a unitary matrix ?7, and real numbers 
Ai, with Ai -|- /ii = A2 + /i2 such that 

^{E,,) = ul^^^ l^^U\ (10) 



V. CONCLUSIONS 

By the feature of commutativity-preserving linear 
map, we got a clear picture of local channels that can- 
not create the quantum discord. We obtained an exact 
form of local channel that cannot create QD for zero QD 
states. Consequently, the conjecture in Ref. [2^ was con- 
firmed and the Theorem 1 in Ref. [28*] was improved. We 
also found that, remarkably, the qubit case is quite dif- 
ferent from the higher dimensional case since there exist 
qubit local channels that are not isotropic channels while 
they preserves zero QD states in both directions as well. 
In addition, the geometric picture of the commutative 
qubit states in the Bloch ball was depicted. We hope that 
our results would be useful in realizing quantum commu- 
nication and quantum computation experimentally. 

Our results lead to interesting questions for fur- 
ther study: what is the form of local channel Ka/b '■ 
B{Ha/b) ^ BiHA/B) if Da/b{p) = Da/b{{K ® Afc)p)? 
We conjecture that A^/j is the unitary operation in such 
a case, however the proof may be difficult since the cal- 
culation of QD is a hard work in general. Moreover, 
what is the form of a total channel A : B{Ha <E) Hb) 
B{Ha<E) Hb) if it satisfies one of the following conditions: 
(1) DA/Bip) = ^ Da/b{Mp)) = (or i?A/s(p) - ^ 
Da/b{Mp)) = 0); (2) Da/b{p) = Da/b{Mp))'^ 
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APPENDIX: COMMUTATIVITY-PRESERVING 
LINEAR MAPS ON M2 

In order to prove Theorem 2, the theorem below is 
necessary. 



(11) 

where Eij denotes the 2 by 2 matrix with (z,j)— entry 1 
and others 0. 

Proof. Suppose that (j){T) ^ 0. Or else, replace (j) by 
iP with V(^) = HA) + Tr{A)I. 

There are two different cases: (1) (/)(/) is not a scalar 
matrix, and (2) <f>{I) = XI for some A 7^ 0. 

If (t>{I) is not a scalar matrix, there are two different 
subcases: 

Case 1 rank0(/) = 2. In this case, since 
[(j){X),(l){T)] = holds for aU X G M2, there exist two 
hermitian matrices Wi and W2 , and an orthonormal ba- 
sis, {|ei),e2)} of C^, such that 

(jjiA) = Tr(iyi^)|ei)(ei| + Tr(iy2^)|e2)(e2|. (12) 

Consequently, (l){A42) is commutative. 

Case 2 rank0(/) — 1. We may assume that 0(/) = 
7|0(CI for some unit vector |^) and real number 7 7^ 0. 
Let IC) be a unit vector that is orthogonal to |^). Then 

0(X2)C{x|O(el+y|O(CI :2:,2;GC}. 

Since (j) maps a hermitian matrix into a hermitian one 
and any matrix is a linear combination of hermitian ma- 
trices, we can thus conclude that (f> still has the form as 
inEq. (HH). 

Conversely, if (j) has the form as in Eq. then it is 
clear that (p preserves commutativity. 

We now suppose that — XI for some X ^ 0. Since 
[£^11,^^22] = 0, we have [(j){Eii) , (j){E22)] 0. Thus there 
exists a 2 by 2 unitary matrix U such that Eqs. (|10p and 
([TT|) hold. Moreover, Ai + ^1 = A = A2 + ^2- 

On the other hand, assume that (j> satisfies Eqs. (fTU]) 
and pT|) with Xi + fii — X2 + P2- Take real 
numbers and complex numbers y, (3 so that 

0(^12 +£^21) = [/ ^ \ ^U^ and 0(i£;i2 - iE2i) - 
u(%f^\w. Then 
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an ai2 

0-21 ^22 



= u 



Aiaii+/iia22 

A2aii + ^2a22 



012^ + a2iX'^ 



holds for any matrix ^^^^ ) , where X = UH{E,,)U = 



a u -\- IV 
u — iv c 



= U 



aXi + c/ii + ux + va uy + vj3 



In particular, 



for any hermitian matrix 
two hermitian matrices 



a u + iv 
u — iv c 



A = 



a ui + ivi 
ui — iv\ c 



,B = 



d 

U2 ~ iV2 



Note that, 



U2 + iV2 

f 



are commuting if and only if (a — c)u2 — ui{d — f), (a 



I 

c)v2 = vi{d — /) and uiV2 = U2V1. 

Then, by the above fact and noticing that Ai — A2 = 
M2 ^ MI7 O'^G can check that, for any hermitian matri- 
ces A,B, [A,B] = [(j){A),(l){B)] =0. So (f> pre- 
serves commutativity for hermitian matrices. Then by 
[31I Corollary 1], we know that preserves commutativ- 
ity. ■ 
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